ENGINEERING MATHEMATICS NOTES | 2025

UNIT 1
CALCULUS -1

Module-1 : Calculus

« Rolle’s theorem.

« Mean Value theorems.

« Expansion of functions by Mc.Laurin’s for one variable.
« Expansion of functions byTaylor’s for one variable.

« Taylor’'s theorem for function of two variables.

« Partial Differentiation.

. Maxima & Minima (two and three variables).

« Method of Lagranges Multipliers.

ROLLE'S THEOREM:-

1. Statement. If f(x) is a function of the variable x such that

(i)f (x) is continuous in the closed interval [a, b],

(ii) f (x) is differentiable for every point in the open interval (a, b) i.e., f /(x) exists
for every point in the open interval ( a, b ) and

(iii)f(a) = f(b) [or as a special case f(a) = f(b) = 0] then there is at least one
point x = c in the open interval (a, b) such that

fo=o.
Proof. Analytical method.

Condition (i) shows that the function f (x) does not break at any point in the closed
interval [a, b].

Condition (iii) i.e., f(a) = f(b) shows that either (a)f (x) is constant in the interval
[a,b],or (b) f(x) should either increase or decrease as x takes values from a to b.
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In case (a), when f(x) = constant then f (x) = 0 Vx € (a, b). Hence the theorem is
proved in this case.

In case (b), suppose f(x) increases. But f (a) = f(b), therefore, f (x) must cease to
increase and begin to decrease at some point x = c in ( a, b ), consequently f (x) will be
maximum at x = c. Hence

flc+h)—f(c)and f(c —h) = f(c).

are both negative, where h is small and h > 0. Hence

f(C+h})l—f(C)<00rf(c—fi)h—f(0)>o_

Taking limit as h — 0 of both, we have
Rf'(c) < 0and Lf'(c) > 0.

These both limits are not equal, therefore, f '(x) does not exist at x = ¢, butitis

contrary to the condition (ii), so we must have Rf/(c) = 0 and Lf/(c) = 0. Hence we
have

f'(c) = 0 wherea < c < b.

Geometrical Proof:

Geometrically the theorem is almost clear. According to condition (i), the function is
continuous in the closed interval [a, b], therefore, the function can be represented by
continuous curve in the interval. Following two cases are possible :

Case I. If f(x) is constant then
f(a) = f(b) = f(x).
In this case the function f(x) represents a straight line parallel to x-axis.

Hence f'(x) = 0 Vx € (a, b).
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Case II. If the function f(x) is not continuous. When x is assigned values from a to b
then f(x) will first increase and then decrease or it will first decrease and then increase

since
f(a) = f ().

Hence there definitely exists at least one point ¢ € (a, b) at which f(x) will cease to
increase and then begin to decrease. At this point x = ¢ [See point P, Q or R in the
figure] the tangent to the curve y = f(x) will be parallel to x-axis. Hence

f'(c) = 0 where c € (a,b).

R

o

Example. State Rolle's theorem and explain its geometrical meaning.

https://studywithakash.in/ +91 8871317984 _

@ Study with
X Z= AKASH



https://studywithakash.in/

ENGINEERING MATHEMATICS NOTES | 2025

ILLUSTRATIVE QUESTIONS

Q 1. (a) Verify Rolle's theorem, where f(x) = 2x3 + x? — 4x — 2.
Solution. Here f(x) is a rational integral function of x, therefore f (x) is continuous and

differentiable for all real values of x. Hence conditions (i) and (ii) of Rolle's theorem are
satisfied in any interval.

Now

f(x) =2x3 + x% — 4x — 2
=x?Q2x+1)-22x+1)=x*-2)2x+1)
f(x)=0> x*-2)2x+1) =0

1
=X = —E,\/E,—\/E

f(~3) = FOD = FVD = 0

f'(x) exists for all above values of x. Now we take the interval [—v2,v/2] so that all
conditions of Rolle's theorem are satisfied in this interval. We have now to prove that

there exist at least one point ( x = ¢ ) in the open interval ( —v2,v2 ) at which f’(x) =
0.

Now f'(x) =6x?+2x—4=0=>3x>+x—-2=0
2
=>(3x—2)(x+1)=0=>x=—1,§

v —V/2 < —1<+2and V2 < 2/3 < /2.
~¢c=—-1,2/3.
Hence Rolle's theorem is verified.

Q 1. (b) Verify Rolle's theorem for the function f(x) = x3 — 12x in the interval 0 < x <

2V3.
Solution. Here f(x) = x3 — 12x

fX)=0=2x3-12x=0=>x(x2-12)=0
=>x=0,iZ\/§
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Now f(x) is a rational integral function of x, therefore f(x) is continuous and
differentiable for all real values of x. So f (x) is

(i) Continuous in the closed interval [0,2V/3],
and (ii) Differentiable in the open interval ]0,2V3[.
Also f(0) = f(2V3) = 0.
Thus all conditions of Rolle's theorem are satisfied. Consequently there exists at least
one point ( x = ¢ ) in the open interval ] 0,2v/3 [at which f’(x) = 0.
Now fl(x)=3x>—-12=0=>x = +2.
0<2<2V3, ~c=2.

Hence Rolle's theorem is satisfied.

Q 2. Verify Rolle's theorem for f(x) = x3 — 4x.
Solution. Here f(x) = x3 — 4x = x(x — 2)(x + 2)

fx)=0=>x=0,2,-2.
L f0) =f(2) = (-2).

All conditions of Rolle's theorem are satisfied (as in example 1 above). Now we take the
intervals [—2,0] and [0,2] so that there must exist values of x in the open intervals
(—2,0) and (0,2) such that f'(x) = 0.

Now f'(x)=3x2—-4=0=x=+2/V3

2 2
—2<—<0and0<—<?2

V3 V3
2
NG

@l

Hence Rolle's theorem is verified.
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Q 3. (a) Discuss the applicability of Rolle's theorem on the function

x*2+4+1, when0<x<1
—x, whenl<x<2

o ={
Solution. (i) To test continuity of f(x) atx =1
f1—-0)= lim £ (1 —h) = }3%(1 —h)?*+1=2
f(1+0)=}li_r)r(1)f(1+h)=}1i_r)r(1)3—(1+h) =2
f(H=12+1=2
Thus
fA=0)=f1+0)=f(1)

~ f(x) is continuous at x = 1 and therefore f(x) is continuous in [0,2]. So first
condition of Rolle's theorem is satisfied.
(ii) To test differentiability of f(x) atx =1

f(l—h) JEY) 1-h?2*+1-2

Lf'(1)=lim = lim — =lim2 —h =2
RF ()= lim F(1+ h})l £(1) - jm 3-(1 Z m-2__
Lf'(1)= Rf'(1)

~ f'(x) does not exist at x = 1 and therefore f(x) is not differentiable for all x €]0,2].
So second condition of Rolle's theorem is not satisfied.

Hence Rolle's theorem can not be applied on f(x).

Example 3. (b) Discuss the conditions of Rolle's theorem for the function y = tan x in
0<x<m.

Solution. Here f(x) =tanx
f(x)=0=>tanx=0=>x=0,7

f(0) = f(m)

o : 1. L
But the function is not continuous at x = Smin (0, ) and consequently the function is

not differentiable at this point.
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Hence first two conditions of Rolle's theorem are not satisfied.

Example 4. Verify Rolle's theorem for the function
flx)=x3>—6x*+11x—6

Solution. Here f(x) is a rational integral function of x, therefore f (x) is continuous and
differentiable for all real values of x. Hence conditions (i) and (ii) of Rolle's theorem are
satisfied in any interval.

Now

f(X)=x3—6x2+11x—6
=x?(x—1)—-5x(x—1)+6(x—1)
=(x—1)(x%*—-5x+6)
=(x—-—1)(x—-2)(x—3)

FO)=0= (x—1)(x—2)(x—3) =0
>x=1273

fO=f2)=fB)=0

f'(x) exists for all above values of x. Now we take the interval [1,3] so that all
conditions of Rolle's theorem are satisfied in this interval.

Now, we have to prove that there exists at least one point (x = ¢) in the open interval
(1,3) at which f'(x) = 0.

Now
f'(x)=3x>—-12x+11 =0
12 ++144 —4x3 x 11 ” 4 1
= = = —_—
X 2 %3 * 73
Since
1<<2 1><2 d1<(2+1)<3
e — an — .
V3 V3
2 1 2+ 1
c=2——, —
3T
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Hence Rolle's theorem is verified.

Example 5. (a) Verify the Rolle's theorem in the interval [—1,1] for the function f(x) =

x2.

Solution. Here f(x) = x2.

S D =) =1

and

f'(x) =2x

Clearly f'(x) exists for all values of x in the open interval (—1,1). Also f(x) is
continuous for all values of x in the closed interval [—1,1].

Now f'(x) =2x=0=x = 0.
&~ —=1<0<1,~f'(c)=0forc=0.
Hence Rolle's theorem is verified.

Q 5. (b) Can Rolle's theorem be applied for the function f(x) = 1 — (x — 3)%/3,
Solution. Here

fx)=1-(x—3)*3
fx)=0=>1-(x-3)*3=0

Now
(x =32 =1=(x-3)2%=(1)°3

> (x—-3)2=1=2x—-3=41>x =24
.~ f(2)=f(4) =0.

Now

2 —2
fl(x) = —z (- 3)~1/3 =3@_3s

Clearly f'(x) does not exist at x = 3 € (2,4). Thus conditions of Rolle's are not satisfied
in the interval (2, 4). Hence Rolle's theorem cannot be applied to the given function.
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Example 6. Verify Rolle's theorem for the function f(x) = x(x + 3)e~ (/2% jn [-3,0].
Solution.

F(x)=x(x + 3)e”/2X = (x2 4 3x)e~(1/2*
f(=3)=f(0)=0

~ f(x) is differentiable in the open interval (—3,0). Also f(x) is continuous for all
values of x in [—3,0].

Hence all conditions of Rolle's theorem are satisfied.
Letx = ¢,—3 < ¢ < Osuchthat f'(c) = 0.

Now

1
f'(x) = 2x +3)e” (/2% 4 (x2 + 3x)e~ /D% (‘ E)

1
= E(—x2 +x + 6)e” /DX,

1
2 f'(x)=0 =>E(—x2 +x+6)e”1/D* =0
=>x2—x—-6=0
S (x—3)(x+2)=0
=>x =3, —2.

Clearly =2 € (—3,0) and 3 ¢ (—3,0).
. c = —2.
Hence Rolle's theorem is verified.

LAGRANGE'S MEAN VALUE THEOREM OR FIRST MEAN VALUE THEOREM:-

Statement. If f(x) is a function of the variable x and (i ) f(x) is continuous in the
closed interval [a, b], (ii) f(x) is differentiable in the open interval (a, b ) i.e. f'(x)
exists in the open interval ( a, b ). then there exists at least one point c in the open
interval ( a, b ) such that

[O-S@ _ pr
Proof. Consider a function F(x) defined as follows:
Fx)=f(x)+A-x (D
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where A is a constant to be determined such that

F(a)= F(b)
“f(@+A-a =f(b)+A-b
or
_fb) —f(a)
A= (2)

Now since f(x) is continuous in the closed interval [a, b] and x is continuous in every
interval. Hence F(x) is also continuous in [a, b]. Again f (x) is differentiable in the open
interval (a, b) and x is differentiable in every interval. Hence F (x) is also differentiable
in ( a, b ). Therefore, F(x) satisfy all conditions of Rolle's theorem in the interval ( a, b ).
Consequently, there exists at least one point c in the open interval ( a, b ) such that

F'(c)=0
From (1), F'(x)=f'(x)+ A (4)
F'ic)=f"(c)+ A

From (3) and (4), we have

0=f'(c)+A=—-A=f'(c). ()
Hence from (2) and (5), we get
o~ fB)=f(a)
f1©) = =—— (6

Note.If b —a = hand 0 < 8 < 1then a + 6h is a point in the interval (a, a + h).
The result (6) above, can be represented by
or

F(a+6h) =f(al+h})l—f(a)

f(a+h)—f(a) =hf'(a+ 60h)

Geometrical Interpretation :

Suppose that the graph of the curve y = f(x) is represented by APB in the figure. Let
the chord A make on angle a with x-axis, where
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_BM
tana—m
_fb) —f(a)
= tan a=
b—a

= tan a= f'(c) where ¢ € (a, b)

[by the mean value theorem]

Y &

O

X
[t shows that tangent to the curve at the point x = c is parallel to the chord AB where

a<c<hb.

ILLUSTRATIVE QUESTIONS

Q 1. Verify mean value theorem for The function x3 in [—2,2],

Solution. Let f(x) = x3,~ f'(x) = 3x?

Now the mean value theorem will be verified if there exist a value ' ¢ ' of x in [—2,2]
such that

b) — f(a
) ~j(@) = f'(c) wherea = —2,b = 2
b—a
Le.,
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(2)° = (=2)° _
T~ 3c?

8—(-8)
4

Or = 3c?or 4 = 3¢?

Orc? =4/3orc=+2/V3
Clearly ¢ = +2/+/3 lies in [-2,2].

Hence Lagrange's mean value theorem is verified.

Q 2. Verify Lagrange's mean value theorem for the function f(x) = (x — 3)(x — 6)(x —
9) on the interval [3,5].

Solution. Here f(x) = (x —3)(x —6)(x —9),and a = 3,b = 5.

(i) Since f(x) has a definite and unique value Vx € [3,5], therefore, f(x) is continuous
in [3,5].

(ii) Clearly

f(x) =x3—18x% + 99x — 162

o f'(x) = 3x% —36x + 99

Clearly f'(x) exists Vx €]3,5].

Thus all conditions of Lagrange's mean value theorem are satisfied, and so ¢ €]3,5
[such that

fG) -3 _
—t_3 = f'(c)
8—0

= T:3c2—36c+99

= 3¢2-36c+95=0
~36+,/(36)2 —4 x3x95
€= 2% 3

=6+

V39
3

V6.24
=6+-——=6+208=392808
But 3.92 €]3,5[(3) = 0]

Hence Lagrange's mean value theorem is verified.
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Q 3. Verify Lagrange's mean value theorem for the function f(x) = Vx? — 4 in the
interval [2, 4].

Solution. Here f(x) = Vx?2 —4,and a = 2,b = 4.
(i) Since f(x) has a definite and unique value Vx € [2,4], therefore, f (x) is continuous
in [2,4].

X

(i) f'(x) = %(x2 —4)712. (2x) = 7= * Clearly f'(x) exists Vx €]2,4[.

Thus all conditions of Lagrange's mean value theorem are satisfied, and so ¢ €]2,4[
such that

f4)—-f(Q2) ,
) f'()
V12 -0 c
= —_— =
2 c?—4
- 4c¢?2 =12(c?—4)=>c=+V6
But
V6 €]2,4[.

Hence Lagrange's mean value theorem is verified.

CAUCHY'S MEAN VALUE THEOREM OR SECOND MEAN VALUE THEOREM

Statement. If two functions f (x) and ¢(x) are

(i) Continuous in the closed interval [a, b],

(ii) Differentiable in the open interval ( a, b ),

(iii) f'(x) # 0 at any point in the open interval (a, b) then there exists at least one
point x = c in the open interval ( a, b ) such that

o) —¢(@) _d'()
f)—fl@ [’

Q. Verify Cauchy's mean value theorem for the functions x2 and x3 in [1,2].
Solution. Let f(x) = x% and g(x) = x3.

wherea <c<b
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The function f(x) and g(x) both are continuous and differentiable in the closed
interval [1,2] and g'(x) = 3x? # 0 for every value of x in the interval (1,2).

We have now to verify that there exist at least one value ' ¢ ' of x in the open interval
(1,2) such that

fb) - fl@ _ f'(c)
gb)—gla) g'(c)

wherea =1,b =2 (D)

Now,

fl@=f1)=@2?=1andf(b) =f(2)=(2)* =4
f'(¥)= 2, f'(c) = 2cand g'(x) = 3x% - g'(c) = 3¢*.

Putting values in (1), we get

4-1 2 3 2
8—1 3c2 07 3¢

~9c = 14 orc= 14/9

Clearly ¢ = 14/9 liesin ( 1,2).
Hence Cauchy's mean value theorem is verified.

Maclaurin's Theorem:-

Statement. If f(x) is a function of x such that represented as an infinite power series
centered at x=0, where each term is a derivative of the function evaluated at zero,
multiplied by a power of x divided by the corresponding factorial is

n-—1 n

O oy 1) ()

FO) = £(0) +xf'(0) + 5 £(0) + -+

where 0 < 6 < 1.
[t is called Maclaurin's Theorem.

ILLUSTRATIVE QUESTIONS

Tl 1 Tl

Q 1. Prove that e* —1+x+ + + +(_1)|+_ 0 0%

Solution. By Maclaurin's theorem, we have
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n—1

(n— D!

f(x)—f(0)+xf(0)+ f"(0)+ -+ f(”_l)(0)+%f"(990

Now,

f)=e* = f(0)=e’=1
flex) =e* - f'(0)=e’ =

“1)(x0) = e"’.‘, }'@'—'1)(0) —e0=1
fn(X) =X . fn(gx) — b0x

Substituting these values in Maclaurin's expansion

xZ xn—l xn 0%
=1 1+—-1 Z
taldop bt oo 1+—e
¥ =1+ +x2+ -+ L. +xn ox
ST n—1)!
Q 2. Prove that
| - B xZ . x3 N N (_1)n—2xn—1 . (_1)n—1xn
0g(l+x) =x =5+ m—1)  n(l+6x)"
Solution. Let
f(x) = log(1 + x)
(-D" - (n—1)!
n — 1
fro= g

Putting x = 0in (1), f*(0) = (-D)" L. (n—1)!
Putn=1,23,..,(n —1)in (2), we get

[0 =(D0-0t=1
f”(O) — (_1)1 1l =-1
fIII(O) — (_1)2 - 21 =21

f("‘l)"('o')' :(_1)71— - (n L
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and
n =D (- 1)
1762 = —a o
x2 x3
log(1 +x) =log(1 +0) +x- 1+ -0 (1) + 57+ 20+
xn—l . xn (_1)n—1(n -1
+(n—1)!(_1) Tn-2)t+ (1+ 6x)"

B xz x3 (_1)n—2xn—1 (_1)n—1xn
TR TT T T aon Tha+ear

Q 3. Apply Maclaurin's theorem to prove that

1 L T L
OgSGCX—ZX 12x 45x

Solution. Let f(x) = logsecx,

f(0)=0
f'(0)=0
f'0=1
(=0
f(iv)(0)= 2
f(v)(0)= 0
£@9(0)= 16.

By Maclaurin's theorem, we have

x? x3 x* x® x®
logsecx= £(0) +xf'(0) + = £/(0) + 57 £/ (0) + 21 F(0) + 5 £7(0) + 7 £1(0) + -
xz .x3 x4. x5 : x6 : .
=O+XO+§1+§O+EZ+§O+516+

1 1 1
2 A 6.
2x +12x +45x+
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Q 4. Expand gasin™ x by Maclaurin's theorem and find the general term.
Hence show thate* = 1+ sin8 + %sin2 0 + %sin3 0+

Solution. Let y = esin™" x|

¥)o =1
Ly, = easin‘lx . a
V1 — x2
= (1- xz)}ﬁ 2 = a2y2,
(y1)o = a.

Differentiating again, we get

(1= x*)2y,y, — 2xy7 = a®.2yy,
ie.,

(1= x*)y, — xy; —a’y = 0,(y2)o = a?
Differentiating n times by Leibnitz's theorem, we get
(1 = xH)Yns2 — @n + Dxypq — (0® + a®)y, =0,

Putting

x=0,(yn +2)9 = (* + a*)(n)o. ey
Now substituting n = 1,2,3,4,5 ... in equation (1), we have

(y3)o = a(1* 4+ a?)
(¥4)o = a*(2* + a?)
(¥s)o = a(1® + a®)(3% + a?)

-~ By Maclaurin's theorem, we have

a’x? N a(1? + a?®)x3

eI = 1 4 gy + o 3 (2)
Putting a = 1,x = sin 0 in (2), we get
e® =1+ sin6 + sin? 8/2! + 2sin® /3! + ---
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Q 5. Find the first five terms in the expansion of e$'"* by Maclaurin's theorem.
Solution. Let, y = %7,
(o =1
Differentiating it successively, we get :
y; = cosx - e
le.,
Y1 = YCosx, 1o =1
Y, = Yy;C08x — ysinx, ) =1
Y3 = Y,€0SX — y;Sinx —y;Sinx — ycosx
= y,c0sx — 2y,;Sinx — ycosx, (¥3)o=0
Vs = y3C0SX — y,Sinx — 2y,sinx — 2y;cosx — y;€0s X + ysinx
= y;cosx — 3y,sinx — 3y;cosx + ysinx Va)o=—3
Vs = Yy,C08x — 4yssinx — 6y,cos x + 4y;sinx + ycosx (¥s)o = —8

= By Maclaurin's theorem,

Q 6. Expand tan™! x in ascending powers of x by Maclaurin's theorem.

Solution. Let y = tan™!x, (¥)o=tan"10=10
- 0o =735 =1
TR Yo =107
1+xHDy; =0

(1+x3)y,+2xy; =0, (y,)0=0.

Differentiating (1) n times by Leibnitz's theorem, we get
A+ 2Dy + "Cyx) + "Cyp-1(2.1) =0
or
(1 + 241 + 2nxy, +n(n — Dyp1 = 0.

Putting x = 0,
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(yn+1) =—-(n— 1)"()’11—1)0- (2)

Prittingn = 2,3,4, ... in (2),

(y3)o = —1L.y(y1)o = —1.2(1) = —2!
(Va)o = —2.3(32) =0 (1)
(V8o = —3.4(y3)o = 3.4.21 = 4! (1)
(¥g)o = 0(¥7)o = —8.0(¥)o = —5.0.4! = 0},0t0.(1)

~ By Maclaurin's theorem, we get

9 x3 x5 x’
tan x=0+x-1+0+§(—2!)+0+§(4!)+0+?(—3!)+---
2 x5 X7 | 2mH '
— o - .. _1m
T AL G A e

X
Q 7. Expand by Maclaurins theorem ﬁ as far as the term x3.

Solution. Here y = 1izx = 1::;1 =1- 1+lex'
. eo 1
X ()’)ozmzz
eX eX 1 2
Y1=0+(1+ex)2:1+ex'1+ex:y(1_y)=y_y
1
()’1)0=Z
Y2 = Y1~ 2y
1 11
()’2)0=Z_2'5'1=0

SY3 =Yy — 2V, — 2y, °

(y3)o = —1/8etc.

~ By Maclaurin's theorem, we have

e* _1+ 1_|_x2 0+x3( 1)+ 1 x x
T+er 275277 31\ 8 =
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TAYLOR'S THEOREM:-

Statement. If f(x) is a function of x(Where x is independent of h) such that all the
derivatives upto n th, ascending power of x then

xn—l

fGx+h)=f(R)+xf'(h) + ’;— (R + -+ FOD(R) + ’;—” f™(h),where 0 <

0 <1.

(n—-1)!

ILLUSTRATIVE QUESTIONS

Q 1. Expand sin x in powers of (x — %n)

Solution. Let f(x) = sin x, we can write
=1+ (v-3m)
fx)=f > T+ (x > /[
By Taylor's theorem, we have

e+ (1)

2
1 \2
1)+ (=30 o)+ 5 G-
Now f(x)
~ sinx =cosx, f"(x) = —sinx, f"(x) = —cosx, f""'(x) = sinx, f" (ET[
fx)

sinir=1 ,(1 )_0 7 D ,,(1 )_0 (1 )_1
—smzn— f Zn =0,f"'m|= f 2” =0,f 27‘[ = 1.

Putting these values in (1), we have
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)

3! 4!

1 \2
. AP Gkt
smx=1+<x——n>-0+T-(—1)+ 14 -

2
2 4

1 1
=1-(1/2)) (x - En) —(1/4)) (x —En)
Q 2. Expand tan (x + %) as far as the term x* and evaluate tan 46.5° to four significant
digits.

Solution. Let

Now,
fl(x)=sec’x=1+tan’x =1+ [f(x)]* - f’(%) —14+1=2
T T s
f) =2f(0)f () o f (Z) = 2f (_)f' (Z) — 4

£ )= 2fCO)f " (x) + 2[f' (x)]? )

f'"(%)= 2f(%)f”(%)+2[f’(%)] —2x1x4+2x4=16
fPE)=2f)f" () + 6f'()f" (x)

. fiv (%): 2f (%)f (%) + 6f’(%)f” (%) —2x1x16+6X2x4=80

By Taylor's theorem, we have

hZ
fla+h)=f(a) +hf'(a)+§f"(a)+"' (1)
Putting h = x,a = m/4in(1), we get
T s T\ x? T x3 m x* . m
r(G+x) =D+ G+ @5 @) 5 G)

= tan (x +) 1)+ )+ 16y + 5 80) + -

4 B 2! 3! 4!
= tan (x +E>= 1+ 2x + 2x2 +§x3 + 2x4 + --(2)

4 3 3
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8 10
= tan(x + 45°) =1 + 2x + 2x% + §x3 + ?x‘* + e

[Note. tan 45° = tan(n/4) = f(t/4) =
Now putting x = 1.5° = % X Eno radians = 0.02618 in (3), we get

8
tan(1-5°+45°) =1+ 2(0-02618) + 2(0 - 02618)2 + §(0 . 02618)3 + -
=>tan46-5°=1-05378

Q 3.Expandtan ~lx in powers of (x — in).
Solution. Let f(x) = tan™ ! x.

1 1
fe=fm (x =3

=~ By Taylor's theorem, we have

2
ro= ) (i) o) E )
Now

7 = A+ D7) = —2x/(1 + x%)?, et

1 11 (1 1
s f (37) =tan om £ (37) = 1/ + 1/1672), £ (37) = —m/[2{1 + (1/16)n2 )],
etc.
Putting these values in (1), the required expansion is given by

f(x)=tan"1x, f'(x) =

n)+<x—1 ) 1 (x—%n) ([

tan™%x = tan™ (Z 2")avr/1e) T 20 20+m2/162 T

Q 4. Compute the approximate value of v 11 to four decimal places by taking for the five
terms of an appropriate Taylor's expansion.
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f) =vx, ~f(x+a) ={(x+a)

1
Now, flx) = Ex_l/z' 15
. _ 2. =72
Solution. Let £ _ 1(_ l) x3/2 = _ lx—3/2 16 X
2 2 4
3 .
flll(x) — §x—5/2, fw(X)

By Taylor's series, we have

2 3
Flx+a)= f(x) + af'(x) + %f”(x) + %f”’(x) e

1 a? 3a3 15a*
o = e __,-3/2 - ,-5/2 _ -7/2
Jix+a)=vx+a T g x +48x 381~

Putting x = 9,a = 2, we have

1 1 1 5
Vo +2=V9+—- + —~ + -
VO 2x9vV9 2x81Y9 8x 7299
1 1 1 5
> J11=3+-——+

3754286 17496 '
=3+0-33333-0-01852+0-00206 —0-00029
= 3-31658 = 3 - 3166 correct to four decimal places

Q 5. Expand e* in powers of (x — 1).
Solution. Let f(x) = e* then

f)=f[1+x-1]

By Taylor's theorem, we have

! (x - 1)2 144
e =f(0) =1+ =D =fD+ - Df W +——f" W+~ (1)
Now
fx)=¢e* f'(x) =e* f"(x) = e* etc.
Therefore
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fD=¢ef'(1)=¢f"(1) =e,etc.

Putting these valuesin (1), we have

PRy _ 133
(x 1)e+(x 1)

X — _
e*=e+(x—1e+ T 3

e+...

PARTIAL DIFFERENTIATION

Let z be a symbol which has an unique definite value for each pair of values of x and y,
then z is said to be a function of two independent variables x and y. It is usually written

asz = f(x,y).

A function of two independent variables x and y is also written as F(x,y) or Y (x,y) or

¢(x,y) etc.
A similar definition can be given for functions of several independent variables.

Partial Derivatives of Higher Orders :

Let z = f(x,y) be a function of x and y. If% and g—}z/ exist, then they can be further

differentiated partially w.r. to x or/and y, thus giving the second order derivative. We
write

d (0z\ 0°z . S+ hy) - fi(x,y)

52 (52) = 337 = 70 = fer = im :

2 (%) Pz BV )

dy \ay 9y?2 yy — vy T 50 k

0 [0z 0%z . oyt k) - fi(xy)

@(a)=m=fyx=k% k

9 (0z\ 0%z G+ hy) — f,(0y)

a(—y)=m=fxy=}3£% h
ILLUSTRATIVE QUESTIONS
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— 2 4 2 0z _0z\* _ _ 0z _ 0z
QlIfzx+y)=x“+y ,showthat(ax 6y) —4(1 ax ay)'
[R.G.T.U. Dec. 2000, June 2011]

Solution. Here

x% + y?
7 =
xX+y
0z (x+y)-2x— (P +y?)-1 x4 2xy —y?
T oox (x + y)2  (x+y)?
Similarly
0z y? + 2xy — x°
dy  (x+y)?
Now
(az 62) B 4xy (x — y)?
ox dy (x+y)? (x+y)?
Again
0z 0z 2(x*-y?) 2(x—)
ox dy (x+7y)? x+y
9z 9z\2 0z 0z
(1) and (2) = (5—5) =4(1 —5—5).
o3%u

Q 2.Ifu = e®%, show that

[R.G.T.U. June 2004]

Sxayan = (1 + 3xyz + x2y?z%)e*V2,

Solution. Here u = e*YZ,

ou x

. _ VZz

S — =8 *XV.
0z y

Again

0%u 6<6u) 0

— [ — ) = — [pXYZ — v—[pXYVZ
Gyaz ay\az) "oyl vl =ag eyl

dy

=x[e®? +y- e .xz] = x(1 + xyz)e™? = (x + x*yz)e

xyz
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Finally,

93 d [ 0%u 0
7Y ] —[(x + x2yz)e*¥?]

6x6yaz ax dydz| oOx
= (1 + 2xyz)e™? + e*V% - yz(x + x%yz)
= [1+ 2xyz + xyz + x*y?z*]e*¥? = [1 + 3xyz + x?y?z%]e*?

4 u

showthatx—+yz = 3.

. x*+y
Example 3. If u = log =
[R.G.T.U. June 2006]

Solution. Here

xt+y*t

u = log Xty

Differentiating both sides partially w.r. to x, we get

Similarly,
ou 1 4x°(x+y) — (x* +y*) -1 3x* +4xy —y*
ox  (x*+yH/(x +y) (x + y)2 T (xt+yHD(x+y)
au ou 1

[3x5 + 4x*y — xy* + 3y° + 4y*x — x*y]

ax T yay x*+yH)(x+y)

3+ xty +yix+y°] 3Gt +yN(x +y)

D TRy B CTIv Ty s

2 2

-1

9 2_
%,xy #+ 0; then prove that 5 =Y

— 2 2tan—1Y _ 2 =
Q4.Ifu = x“tan ~—y“tan oy~ Ayt

[R.G.T.U. June 2010]

1x

-1y 2 -
- — tan -
Y y

Solution. Here u = x%tan

Differentiating both sides partially w. r. to y, we have

ou 1 1 vt _1x+ 5 1
ay N em xRy e

x2 yZ

X
y?

1%

X
_ -17 _
_x2+y2+x2+y2_2ytan ;—x—Zytan
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. . .0 .
Now differentiating % partially w.r. to x, we have

2y2 x2 — y?

o°u 0 <6u) 1

1
=9 ( . —=1- _
dxdy  0x \dy Y 1_|_x_z y yi4+x?2  x%2+y?
y

_ (Y ou , ou_
Q5.1fu = f (%), show that x 5= + yo=0.
[R.G.T.U. Dec. 2014]

Solution. Here u = f G)

ou (Y y
i Ul o L= W
o Lp ()
0x X X
. u _ ] X l
again 2= 1" ()} G)
ou y _y
— ==f"(Z). 2
5, =" () 2)
ou ou
(and (2) = x——+ Yoy = 0.
Q6.1fu = (x? +y% + z2)7Y/2; x2 + y2 + z? # 0 then prove that
du du du
(a) x——+ y£+ z-= ",
[R.G.T.U. Feb. 2005, Jan./Feb. 2007]
0%u  0%u 0%z
(b) 22 + a_yz + 392 0.
[R.G.T.U.June 2002, Nov./Dec. 2007]
: _ 1
Solution. (a) Here u = Ry
Now differentiating both sides partially w.r. to x, we get
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ou 1 oy = X
X =- (x2 + y2? + z2)3/2

ox =_2(x2+y2+22)3/2.
. ou_ x? )
X ox (x2 + y? +zz)3/2'( )

Similarly,
ou y? )
yay - (xz + yz + 22)3/2 ( )
and
ou 7?2
(3)

A R
Adding (1), (2) and (3), we get

6u+ 6u+ ou x> +y?+z2 1 B
Yox Yoy "0z (P +y2 42037 (R4yi+zn)ie ¢

. s 0 .

(b) Differentiating % partially w.r. to x, we get
0%u 0 { X }
0x? T ox U (x% +y2 + 22)3/2

1-(x% +y%+22)3/2 —x-;(x2 +y2+22)Y2 . 2x
T (x2 +y2 + 2z2)3

(xz +y2+Z2)1/2

= _ GT137 120 {x? + y? + z% — 3x?%}

1
e e {y? + z2 — 2x?}(4)

Similarly, 2% = (224 x%2-2y%)
Y, ay? (x2+y2+22)5/2 y
and
0%u 1

_ 24 .2 2
ﬁ__(x2+y2+22)5/2{x Ty -227

Adding (4), (5) and (6), we get
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0%u  0%u 0%u 1

t—t ==
ox% 0dy? 0z? x2+y2+2z

=0

2)5/2{)12 + 22 —2x%2 + 22 + x% = 2y + x%2 + y? — 22%}

Q7.1fu = log(x® + y3 + z3 — 3xyz), prove that

)+t o=

0z  x+y+z

[R.G.T.U. ]une 2007]

(11)( + + Z)2u=—

[R.G.T.U. ]an./Feb. 2008]
..y 0%u  0%u | 0%u . 3
(i) 0x2 + 0y? + 9z2  (x+y+2)?’

9

(x+y+2z)?

Solution. (i) Here u = log,(x3 + y3 + z3 — 3xyz).

ou

a:

ou

@:

and

ou

E:

Adding (1), (2) and (3), we get

ou 4 ou 4 ou
Ox dy 0z

3x% —3yz

x3 +y3+ 23— 3xyz
3y? — 3xz

x3 +y3+ 23— 3xyz

3z% — 3xy

x3 +y3+ 23— 3xyz

3(x? +y?+ 22 —yz—xz —xy) B 3

(1

(2)

(3)

_3(x*+y*+2° —yz—xz—xy)

:(x+y+z)(x2+y2+22—yz—xz—xy)_x+y+z

(6+6+6)
0x dy 0z v
(i)

3

3 3

(4)

x3 + y3+ 23 — 3xyz

( ) <6u Lo Ju 4 au)
6y 0z dy 0z

( ay 6z)<x+f/+z)

(iii) From Algebra,

— — — =_ (4
x+y+2)? (x+y+2? (x+y+2)? (x+y+z)2l)
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x3+y3+z23-3xyz=(x+y+2)(x +yw + zo?)(x + yw? + zw)

where w is cube root of unity satisfying 1 + w + w? = 0and w3 = 1

Thus
u=1log.(x +v + z) +log.(x + yw + zw?) + log,(x + yw* + zw)
ou 1 1 1
f"—= + +
ox x+y+z x+yw+zw? x+yw?+zw
0%u 1 1 1 :
T 0x2 (x+y+2)? (x+yw+zo?)? (x+yw? +zw)? ®)
Aoai ou 1 W w?
gamn 9y  x+y+z x+yw+zeo? x+ywi+zo’
0°u 1 w? w?* .
Tay? T (x+y+2)?2 (x+yw+zw?)? (x4 yw? + zw)? (6)
and
ou 1 w? 1)
— = + ~+ ‘ 7
0z x+y+z x+yw+zw? x+yw?+zw
) 62_u _ 1 _ w* _ w?
T 9z2 (x+y+2)2 (x+tyw+zw?)?2  (x+yw?+zw)?’

Adding (5), (6) and (7), we get

62u+62u+62u_ 3 1+ w?+ ot 1+ w* + w?
0x2  dy?  9z2  (x+y+2)?2 (x+yw+zw?)? (x+yw?+zw)?

But

l1+w+wt=1+0?+w=0[0*=0? w=0o0]

0°u  0%u 0%u 3

6x2+6y2+622 T (x+y+2)?
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Q8.1 = f(r), where r2 = x + y2, show that 5% + S2 = f(r) + 2 f(r).

[R.G.T.U. Dec. 2001, June 2006]
Solution. It is given that

r? =x?% + y2. (1D

Differentiating (1) partially w.r. to x, we get

Similarly,
) 67‘_2 or x N
rax xor ox 1 @
or vy
oy r (3)
Now u = f(r) gives
ou _ oOor X )
—= ')z = ("> ©)

azu_ a [f’(r)x] _rlf'r) -1+ xf"(r) - or/ox] —xf'(r) - Or/ox
0x B

. ax2 r r?
1 2
=5 [rf’(r) +x2f7(r) ’%f’(r)] .
2

u_l ! 211 yz !
6_y2_r_2[rf (") + ¥ () = —f (r)].

Similarly,

Adding, we get

0°u 09%*u 1 -
W > lzrf () + 2+ y>)f"(r) -

(x* +y?)
ay r

f’(r)]
1 , . , 1, "
=r—2[2rf M) +rof"() —rf'(r)] =—f ")+ )

Q9. Ifu(x,y,z) = log(tanx + tany + tan z), prove that

Jdu Jdu Ju

sm2xa+sm2y@+sm22$= 2

[R.G.T.U. June 2013]
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Solution. Given u = log(tan x + tany + tan z).

ou sec? x
" Ox " tanx +tany + tan z
: 1
ou sin 2xsec? x 2sin xcos x (Cosz x)
= sin2x — = =
ox tanx +tany +tanz tanx +tany +tanz
2tan x .
= (1)

B tanx + tany + tanz

Similarly, by symmetry we have

and
. du 2tany’
sin2y — = (2)
Jdy tanx+tany+tanz
Ju 2tan z
sin 2z — 3)

0z tanx + tany + tanz
Adding (1), (2) and (3), we get

n2x 2 4 sinzy 2 4 sin2z 2 = 2
Sin xax Sin yay Sin ZaZ_

TAYLOR'S SERIES (TAYLOR'S THEOREM) FOR FUNCTION OF TWO VARIABLES

Statement. If f (x, y) passesses finite and continuous partial derivatives upto nth order
in any neighbourhood D of a point (a,b ) and let (a + h, b + k ) be any point of D, then
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fla+hb+k) = f(ab)+ (hi + kai)f(a, b)

(hai+ka) flab) += (hai+ka) flab) +

Werea<x<a+hb<y<b+k

ILLUSTRATIVE QUESTIONS

Q 1. Expand e**Y in powers of x and y as far as terms of third degree.

Or

Expand e**Y about (0,0) as far as the terms of third degree.
Solution. Let

flx,y) =e*v ~ f(0,00=1

felx,y) =e*tY ~ £.(0,0)=e° =

fy(xy) =e** ~ f,(0,0)=1
fox =fyy =foy =€

~ At (0,0), f4x(0,0) = fyy(oro) - fxy(O;O) =1

frxxx = fxxy = fxyy = fyyy = e ",

At(0,0),

frxxx = fxxy = fxyy = fyyy =1L

By Taylor's series, we have

] ] 1 92 92 92
— —_ 2 2
fGy) = F(0.0) + (x 5 V) 100+, (x G P gty ayz) f(0.0)
3 3 3

1( .0 d
— 3 3xy? 0,0
+3!<x FRER R e m i PR )f( (1)

On putting values in (1), we get

1 1
etV=1+(x+y) +E(x2 + 2xy + y?) +§(x3 +3x%y + 3xy% + y3) +

1 1
=1+ () +5 e+ + 5 x+y)° +
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Q 2. Expand cos(x + y) in powers of x and y.
Solution. Here f(x,y) = cos(x +y) ~ f(0,0) =1

fx = fy = —=sin(x +¥); fux = fxy = fyy = —coS(X + ¥); faxx = fxxy = fxyy = fyyy = sin(x + y)
~ At(0,0), fx = fy =0, fax = fxy = fyy = =1 foxx = fxxy = fxyy = fyyy =0

By Taylor's series, we have [putting values in equation (1) of Ex. 1. above.]

1
cos(x+y)=1+0+ E(x2 +2xy +y3)(-1)+ 0+ -

x+y)2 (x+y)?
&ty +( o
2! 4!

Q 3. Find the expansion of f(x,y) = cos xcosy in power of x, y upto fourth order terms.
Solution. Here

f(x,y)= cosxcosy
fx= —sinxcosy
fy= —cosxsiny

~f(0,0) =1
~f(0,0) =0
~f,(0,0) =0
fxx = —COSXCOSY
fxy = sinxsiny
fyy = —cosxcosy -
fyx3 = sinxcosy fry(0,0) = —1
fx2y = cosxsiny
fxyz = sinxcosy
fys =cosxsiny = f,3(0,0) =0
fx+ = cosxcosy “ fry2(0,0) =0
fx3y = —sinxsiny ~ f,3(0,0) =0
fx2y2 = COSXCOSY ~ f,4(0,0) =1
“ fx34(0,0) =0
fy+ = cosxcosy “ fx2y2(0,0) =1
have “ fxy3(0,0) =0
~ fy4(0,0) =1
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By Taylor's series, we have

= 00+(a+ a) 00+1 Z62+2 62+26Z 0,0
fly) = £(0,0) *ox yay f(0,0) 2\ 3%z xyaxay yayz f(0,0)

ik ik ik ik
+—(x3=—=+3x2%y + 3xy? +y3—]£(0,0)
! 0x3 0x?dy dxdy? ay3

+1 4a4+43 o + 6x2y? o' + 4xy3 o' +4a4 0,0) +---(1
a\F g T Y gy T XY iy T Gigyn T gya ) SO0 ()

Putting above values in (1), we get

1 1
cosxcosy:1+(0+0)+5(—x2+0—y2)+§(0+0+0+0)

1
+Z(x4+0+6x2y2 +0+y*)+ -

xZ yZ x4 x2y2 y4
:1———— B — —_— oo
2 2 +24+ 4 +24-+

MAXIMA AND MINIMA OF FUNCTIONS OF TWO INDEPENDENT VARIABLES

SUFFICIENT CONDITIONS FOR MAXIMA AND MINIMA (LAGRANGE'S CONDITION
FOR TWO INDEPENDENT VARIABLES)

= 0 and (Z—i)(a,b)

0% 0% 0%
(a—];) =r, (6 af ) = s and (a—];) = t. Then
X"/ (@b) XY/ (a.b) Y"/ (ab)

(i) if rt —s?) > 0andr > 0, f(x, y) is minimum at (a, b);

(ii) if (rt —s?) > 0 and r < 0, f(x, y) is maximum at (a, b);

(iii) if (rt — s?) < 0, f(x, y) is neither maximum nor minimum at ( a, b );
(iv) if (rt — s2) = 0 the case is doubtful.

Theorem. Let (Z_f

x) (a,b) =0

Let

WORKING RULE FOR MAXIMA AND MINIMA OF TWO VARIABLES

Let f(x,y) be a given function

. 4 Of of
1. Find ™ and 3y
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2. Solve the equations Z—i = 0 and Z—f} = 0 for x and y. Then pairs of values of x and y,
thes obtained will give stationary values of f (x,y). Let (a, b) be one of these
pairs.

ndr = (2L s= (22 _ (% o

3. Findr = (axz)(a,b) ;S = (axay)(a'b) and t = (ayz)(a'b) and calculate rt — s~°.

4. (i) if (rt — s2) is positive and r > 0, then f(x, y) has a minimum at (a, b);
(i) if rt — s? > 0 and r < 0 then f(x, y) has a maximum at (a, b);
(iii) if (rt — s?) is negative then f(x, y) has neither maximum nor minimum at
(a,b). Thus (a, b) is a saddle point.
(iv) if rt — s = 0, then the case is doubtful and further investigation is required.

ILLUSTRATIVE QUESTIONS

Q 1. Discuss the maximum or minimum values of the function

flx,y) = x3 — 4xy + 2y?

Solution. Here Z—i = 3x% — 4y and Z—£ = —4x + 4y. For maxima or minima of f, we have
af _ of
—=0,—=0=3x*—4y=0,—4x+4y =0
dx ady * Y xTH
3x2—4y=0,x=y =3y’ —4y=0,x=y
4

= y(3y—4)=0,x=y=>y=00ry=§,x=y

4 4
= (0,0) and (§'§) are critical points.
0% f 9% f B

62f
Now r=——=6x,s= —4,t =

=—=4
0x? 0x0y, dy?

Thus, at (0,0) :
r=0,rt—s?=(0)4) - (-4)?=-16<0.
Hence we conclude that (0,0) is a saddle point of f. Again at G, g) :

Since

r=8s=—-4t=4
r=8>0andrt—s>=8(4)—-16=16>0
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Hence function f has a minimum value at x = y = 4/3. Thus,atx =y = 4/3.

. 4 4 32
The minimum value of f = f (5,5) =—
Q 2. Discuss the maximum or minimum values of u in the following cases :

(i)u=xy+a3(%+i).

(i) u = x> — y? — 3x.

. . 1 1
Solution. (i) Here u = xy + a3 (; + ;)
2 B @ and 2% = x @
T ax y x2 dy y2'
Then for maxima or minima of u, we have

ou ou a® a3
a=0,@=0=>y—x—2=0,x—)7=0
= al=x*y,a> =xy’=>ad =x*y=xy’>x=y=a.
0°u 2ad 0%u 0’u  2ad
Now T:6x2:x3'S:6x6y:1andt:W:?'

Thus at x = y = a; we get

r=2,s=1landt =2
Lrt—s%?=22.-12=3> 0.

Since r and rt — s? are both positive, u is minimum when x = y = a.
Hence the minimum value of the function is

a’ + a* + a? = 3a’.
(ii) Here u = x3 — y? — 3x. Hence

6u_32 3 dau_ )
Fvie X an ay_ y.

For maxima or minima of u, we have

_au 0 _6u 0=>3x%2-3=0,-2 0 +1 0
ax ,ay X ) y X Tl,y

Hence the critical points are (1,0) and (—1,0).

Now
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0°u

r=—=6x,s=axay=0andt=W=—2

0°u

Thus at (—1,0 ), we get
r=—6,s=0andt = -2
L rt—52=(—6)-(-1)—0=12>0

Since r < 0 and rt — s > 0,u is maximum at (—1,0). Hence the maximum value of the

function
=—-1—-0+3=2.

Now at the point (1,0), we get

If gives
r=6(1)=6,s=0andt = -2
rt—s*=6(-2)—0=-12<0

Therefore u is neither maximum nor minimum at (1,0). It is a saddle point

Q 3. Discuss the maxima and minima of the function ax3y? — x*y? — x3y53.

Solution. Let u = ax3y? — x*y? — x3y3,

34,2

du ou
— = 2ax3y — 2x*y — 3x3y

o= 3ax?y? — 4x3y% — 3x2y3 and 3

For maxima or minima of u, we have

ou 06u 0=3 4 3 0

—_—= _— = = — — =

o '3y a X y

7 ? 3 0 a a
— — = = = — = —
a X y X 2,y 3

=~ The point (%, g) is a critical point.

Now at the point (%, %), we have
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0%u
_ _ 2 2.2 3
r—ﬁ—&zxy —12xy —6xy
a a® a a*
— 2 — — - P — —_ [ [
= 6xy“(a—2x —y) 53 (a a 3) 5
0%u
s= 3%0y = 6ax?y — 8x3y — 9x?y?
= x%y(6 8 9 —a2 2 6 4 3a) = a*
0%u
t=W=2ax3—2x4—6x3y
a3 a a*
— 93— (gt =
=2x°(a—x—3y)=2 3 (a > a) 3
Now
1 1
2 __2\,.8
rees (72 144)“ >0

Since r is —ve and rt — s? is +ve, therefore u in maximum when

Q 4. Discuss the extreme values (maxima and minima) of the function x3 + y3 — 3axy.
Solution. Let

u=x3+y3—3axy

6u—32 3 dau_32 3
Fyvi X ay an ay_ y ax
Thus for maxima or minima of u
u u
—=0,—=0>3x?>-3ax=0,3y>—-3ax =0
dx dy

> x’=ayy’=ax=>x=y=a.

= The point (a, a) is a critical point.
Now
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r—az—u—6x s = o’u =—3aandt=az—u=6y.
0x2 ’ 0x0dy dy?
At the point ( a, a ), we have
If gives
r=6a,s = —3aandt = 6a

rt — s?= (6a)(6a) — (—3a)? = 27a* > 0

Since rt — s2 is +ve and 7 is +ve or -ve according as a is +ve or -ve , we have a maximum
or minimum according as a is -ve or +veatx =y = a.

Q 5. Find all the maximum and minimum values of functions f given by

(D) fxy) =xy(a—x—y).
(i) f(x,y) =x3+y3 —63(x +y) + 12xy.

Solution. (i) For maxima and minima of f, we have

of 5

a—ay—ny—y =0 (D
0

%=ax—x2—2xy=0. (2)

Subtraction (2) from (1), we have
aly—x)—(@?*—x)=0=>(@y—-x)la—-y—x)=0=>y=xory+x=a
Putting y = x in (1), we have

ya—2y*—y>=0>3y’ —ya=0=>y=0,y=a/3
Wheny =a—x,(2) @ xa—x?>—-2x(a—x)=0>xa—x?>—2ax +2x2 =0
>x’—ax=0=>x=0,x=a

Thus f may have maxima or minima at (0,0); (a/3,a/3); (0, a); (a, 0).
Now
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— azf — 2 — 0. Za . 2 . 0
T T T T T
O a
S—axay—a X—2Zy=a—3i-a;-a
0%f 2a
t=—= = —2x;0;,——;0; —2a
dy 3
rt — s?= —ve; +ve; —ve; —Vve.
Thus f has a maximum at (a/3, a/3) and has no extreme value at other points.
*~ maximum val ff—a—z( —2—2)—‘1_3
~ maximumvalueof f = —(a—-—2)=—.
(ii) For maxima or minima of f, we have
af
—=3x>-63+12y =0 1
o = X y (1
af
— =3y?—-63+12x =0 2
ay Y X (2)

Subtracting (2) from (1), we have

3(x2 -y +12(y—x) =0
= 3x—-y)x+y)—12(x—y)=0
= 3x—y)x+y—4)=0=>x=yorx+y=4.

(i) Putting x = y in (1), we get

3x2+12x —63=0=>x?>+4x—-21=0
=2>x+7)(x—3)=0=>x=-7o0r3

Thus f may have maxima or minima at (—7,—7) and (3,3).

3y2—-63+12(4—y)=0=3y2-12y—-15=0

= y2—4y-5=0=>(y-5)(@x+1)=0 [+ x=4-—
Thus f may have maxima or minima at (—1,5) and (5, —1).
Now
r==6x,s =12,t = 6Y.
Points | (-7,-7) (3,3) (—1,5) (5,—-1)
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r= -42 18 -6 30
s = 12 12 12 12

t= -42 18 30 6

itsz +ve +ve -ve Ve

Result | Maximum | Minimum neither Maxima nor neither Maxima nor

Minima

Minim

Hence f has a maximum at (=7, —7) and a minima at (3,3).

~ Maximum value of f = (=7)3 + (=7)3 = 63(=7 —7) + 12(=7)(=7) = 784

and

minimum value of f = (3)®> + (3)>* —63 X6+ 12X 3 X3 =-216

Q 6. Find a point within a triangle such that the sum of the squares of its dists, from the

three vertices is a minimum.

Solution. Let (x,, y;-),r = 1,2,3 be the vertices of the triangle ABC and P(x,y) be ary ;
inside the triangle.

Let

3
= [r—x)2+ =y
r=1

For maxima or minima of u, we have

L.e.,

(x—x)+@x—2x)+(x—x3) =0

Ju
—=X2(x—x,) =0
X
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A(xr 7;)

or
X1+ X + x5
x =
3
Similarly,
a_u _ _ N +Y,+ Y3
dy 3
Now
_azu_6 _azu_ 62u_6
P dyox '~ 0y?
So that

rt —s? =36 = +ve
and 7 is tve. Hence u is minimum when

Xt X+ X3 Y1+ Yty

= 3 4 3

Thus the required point is (x1+’;2 s Y 1+3; 21y 3), which is the centroid of the tria
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Q 7. Show that the distance lof any point (x, y, z) on the plane 2x + 3y — z = 12 from
the origin is given by [ = \/xz +y%2 + (2x + 3y — 12)2.

Hence find the point on the plane that is nearest to the origin.

Solution. If [ is the distance from (0,0,0) of any point (x,y, z), then | = /x2 + y2 + z2.If
the point ( x,y, z ) lies on the plane 2x + 3y — z = 12, then

I=\/x% +y2 + (2x + 3y — 12)2
[+ z = 2x + 3y — 12 from the equation of the plane
2= x%+y% + (2x + 3y — 12)?
=5x2 + 10y? + 12xy — 48x — 72y + 144 = u, say

Now [ is maximum or minimum according as [? i.e., u is maximum or minimum.
For a maximum or minimum of u, we have

O 0x+12y—48 = 0and 2% = 20y + 12x — 72 = 0
e = 10x y = 0an 5 = y X =

Solving, we have x = 12/7 and y = 18/7.

0%u 0%u 0%u
Also - r=—= 10’S_axay_ 12andt—a—yz—20.
“rt—s?=10x 20— 122 = +ve.

Since rt — s? > 0 and r > 0, therefore u is minimum and hence [ is minimum, when

x = 12/7 an y = 18/7. Putting these values of x and y in the equation of the plane, we
gez =2(12/7)+ 3(18/7) — 12 = —6/7. Hence the required pointis (12/7,18/7,—6/
7).

Q 8. Find the maximum, value of u where

Solution. Here u = x? + y%2 + z2 + x — 2z — xy.
For maxima or minima of u, we have

6u_2 +1_06u_ +2y=0 dau—Z 2=0
Frvi X—y = ’ay_ X y =0, an Py z = 0.
Solving these equations, we get x = —%,y = —é,z = 1.

At (—g, —%, 1), we have
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A_azu_ZB_aZu_ZC_azu_z
ax2 77 oy 7 0z2
_azu_ _azu_OH_aZu_ )
- dyoz d0zox ' 0x0y
Now
_S1A H| _| 2 -1 _
A_2|H B_|—1 2|_3
and
A H G 2 =1 0
H B F|l=]|-1 2 0l=2%x3=6
G F C 0 0 2

. " . 2 1
Since all are positive, therefore, u is minimum at { — 373 1).
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